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[ Gaodel, Kurt (1931); Uber Formal Unentscheidbare Siitze der
Principia Mathematica und Verwandter Systeme I, Monatshefte
fiir Mathematik und Physik 38(1):173—-198 (in German).
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@ Godel, Kurt (1931); Uber Formal Unentscheidbare Scitze der
Principia Mathematica und Verwandter Systeme I, Monatshefte
fiir Mathematik und Physik 38(1):173—-198 (in German). [1?
English Translation: “ On Formally Undecidable Propositions of
Principia mathematica and Related Systems 1, K. Godel
Collected Works I, Oxford University Press (1986) pp. 135-152.
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® 26 December 1951, AMS Meeting at Brown University

e 250 Josianm WiLLARD GiBBs Lecture, by Kurt Godel

® Some Basic Theorems on the Foundations of Mathematics and
their Implications

® intended to publish it in the Bulletin of the AMS, never happened!

““So the following disjunctive conclusion is inevitable: Either
mathematics is incompletable in this sense, that its evident axioms can
never be comprised in a finite rule, that is to say, the human mind
(even within the realm of pure mathematics) infinitely surpasses the
powers of any finite machine, or else there exist absolutely unsolvable
diophantine problems of the type specified (where the case that both
terms of the disjunction are true is not excluded, so that there are,

. . . 29
strictly speaking, three alternatives).
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Feferman, Solomon (2006); Are There Absolutely Unsolvable
Problems? Gddel's Dichotomy, Philosophia Mathematica
14(2):134-152.

Charlesworth, Arthur (2016); 4 Theorem about

Computationalism and “Absolute” Truth, Minds and Machines
26(3):205-226.

Horsten, Leon & Welch, Philip (eds.) (2016); Godel’s
Disjunction: The Scope and Limits of Mathematical
Knowledge, Oxford University Press.
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Problems? Gédel'’s Dichotomy, Philosophia Mathematica
14(2):134-152.
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Nagel, Ernest & Newman, James R. (1958); Godel’s Proof, New
York University Press (revised: 3rd ed. Routledge 2005).
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University Press (republished with a new preface 1999).
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of Mathematics and their Implications”, in: K. Gédel Collected
Works III, Oxford University Press (1995) pp. 304-323.

) & = W



/o

Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
(V) b w5 4 g2l 5
[4 Godel, Kurt (1951); “Some Basic Theorems on the Foundations

of Mathematics and their Implications”, in: K. Gédel Collected
Works III, Oxford University Press (1995) pp. 304-323.

B Nagel, Ernest & Newman, James R. (1958); Godel’s Proof, New
York University Press (revised: 3rd ed. Routledge 2005).

B

B
[
B



Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
(V) b w5 4 g2l 5
[4 Godel, Kurt (1951); “Some Basic Theorems on the Foundations

of Mathematics and their Implications”, in: K. Gédel Collected
Works III, Oxford University Press (1995) pp. 304-323.

Nagel, Ernest & Newman, James R. (1958); Godel’s Proof, New
York University Press (revised: 3rd ed. Routledge 2005).

Putnam, Hillary (1960); “Minds and Machines”, in: Dimensions
of Mind: A Symposium, New York University Press, 138—164.

) & = W

/o



Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
(V) b w5 4 g2l 5
[4 Godel, Kurt (1951); “Some Basic Theorems on the Foundations

of Mathematics and their Implications”, in: K. Gédel Collected
Works III, Oxford University Press (1995) pp. 304-323.

Nagel, Ernest & Newman, James R. (1958); Godel’s Proof, New
York University Press (revised: 3rd ed. Routledge 2005).

Putnam, Hillary (1960); “Minds and Machines”, in: Dimensions
of Mind: A Symposium, New York University Press, 138—164.

Lucas, John R. (1961); Minds, Machines and Gaodel,
Philesophy 36(137):112—-127.

) & = W

/o



Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
(V) b w5 4 g2l 5
[4 Godel, Kurt (1951); “Some Basic Theorems on the Foundations

of Mathematics and their Implications”, in: K. Gédel Collected
Works III, Oxford University Press (1995) pp. 304-323.

Nagel, Ernest & Newman, James R. (1958); Godel’s Proof, New
York University Press (revised: 3rd ed. Routledge 2005).

Putnam, Hillary (1960); “Minds and Machines”, in: Dimensions
of Mind: A Symposium, New York University Press, 138—164.

Lucas, John R. (1961); Minds, Machines and Gaodel,
Philesophy 36(137):112—-127.

Dummett, Michael (1963); The Philosophical Significance of
Godel's Theorem, Ratio 5:140-155.

) & = W

/o



Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
(V) b w5 4 g2l 5
[4 Godel, Kurt (1951); “Some Basic Theorems on the Foundations

of Mathematics and their Implications”, in: K. Gédel Collected
Works III, Oxford University Press (1995) pp. 304-323.

Nagel, Ernest & Newman, James R. (1958); Godel’s Proof, New
York University Press (revised: 3rd ed. Routledge 2005).

Putnam, Hillary (1960); “Minds and Machines”, in: Dimensions
of Mind: A Symposium, New York University Press, 138—164.

Lucas, John R. (1961); Minds, Machines and Gaodel,
Philesophy 36(137):112—-127.

Dummett, Michael (1963); The Philosophical Significance of
Godel's Theorem, Ratio 5:140-155.

Penrose, Roger (1989); The Emperor’s New Mind, Oxford
University Press (republished with a new preface 1999).

) & = W

/o



Sy o8 Sz 2y
o Bl e o b

ol alate ezl sulale Sl [ AYAR 5 Y 4y

/s

e T T 7 A il

Boolos, George (1990); On “Seeing” the Truth of the Godel
Sentence, Behavioral and Brain Sciences 13(4):655-656.

Shapiro, S. (1998); Induction and Indefinite Extensibility: The Gddel
Sentence Is True, But Did Someone Change the Subject?, Mind

Tennant, Neil (2001); On Turing Machines Knowing Their Own
Godel-Sentences, Philosophia Mathematica 9(1):72-79.
Milne, Peter (2007); On Gédel Sentences and What They Say,
Philosophia Mathematica 15(2):193-226.

Serény, Gyorgy (2011); How do We Know that the Godel
Sentence of a Consistent Theory Is True?, Phil. Math.

[saacson, D. (2011); “Necessary and Sufficient Conditions for
Undecidability of the Godel Sentence and its Truth”, (S) 135-152.



/s

Sl s o8 OMer s
R sl / s P S
Sl glie ezl salale Sl [ \YAR L5 Y iy
(Y) b w5 @ ezl e 5
[4 Boolos, George (1990); On “Seeing” the Truth of the Gidel
Sentence, Behavioral and Brain Sciences 13(4):655-656.

B

[
[
[
[



/s

Sl s o8 OMer s
R sl / s P S
Sl glie ezl salale Sl [ \YAR L5 Y iy
(Y) b w5 @ ezl e 5
[4 Boolos, George (1990); On “Seeing” the Truth of the Gidel
Sentence, Behavioral and Brain Sciences 13(4):655-656.

[§ Shapiro, S. (1998); Induction and Indefinite Extensibility: The Godel
Sentence Is True, But Did Someone Change the Subject?, Mind

B

B
[
B



/s

) & B & &

Sy 3 o8 e s
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy
(Y) b w5 4 g2l 5
Boolos, George (1990); On “Seeing” the Truth of the Gidel
Sentence, Behavioral and Brain Sciences 13(4):655-656.

Shapiro, S. (1998); Induction and Indefinite Extensibility: The Gddel
Sentence Is True, But Did Someone Change the Subject?, Mind

Tennant, Neil (2001); On Turing Machines Knowing Their Own
Godel-Sentences, Philosophia Mathematica 9(1):72—79.



/s

) & B & &

Sy s o8 SMam 1
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy
(Y) b w5 4 g2l 5
Boolos, George (1990); On “Seeing” the Truth of the Gidel
Sentence, Behavioral and Brain Sciences 13(4):655-656.

Shapiro, S. (1998); Induction and Indefinite Extensibility: The Gddel
Sentence Is True, But Did Someone Change the Subject?, Mind

Tennant, Neil (2001); On Turing Machines Knowing Their Own
Godel-Sentences, Philosophia Mathematica 9(1):72—79.

Milne, Peter (2007); On Godel Sentences and What They Say,
Philosophia Mathematica 15(2):193-226.



/s

) & B & &

Sy s o8 SMam 1
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy
(Y) b w5 4 g2l 5
Boolos, George (1990); On “Seeing” the Truth of the Gidel
Sentence, Behavioral and Brain Sciences 13(4):655-656.

Shapiro, S. (1998); Induction and Indefinite Extensibility: The Gddel
Sentence Is True, But Did Someone Change the Subject?, Mind

Tennant, Neil (2001); On Turing Machines Knowing Their Own
Godel-Sentences, Philosophia Mathematica 9(1):72—79.

Milne, Peter (2007); On Godel Sentences and What They Say,
Philosophia Mathematica 15(2):193-226.

Serény, Gyorgy (2011); How do We Know that the Godel
Sentence of a Consistent Theory Is True?, Phil. Math.



/s

) & B & &

Sy 3 o8 e s
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy
(Y) b w5 4 g2l 5
Boolos, George (1990); On “Seeing” the Truth of the Gidel
Sentence, Behavioral and Brain Sciences 13(4):655-656.

Shapiro, S. (1998); Induction and Indefinite Extensibility: The Gddel
Sentence Is True, But Did Someone Change the Subject?, Mind

Tennant, Neil (2001); On Turing Machines Knowing Their Own
Godel-Sentences, Philosophia Mathematica 9(1):72—79.

Milne, Peter (2007); On Godel Sentences and What They Say,
Philosophia Mathematica 15(2):193-226.

Serény, Gyorgy (2011); How do We Know that the Godel
Sentence of a Consistent Theory Is True?, Phil. Math.

Isaacson, D. (2011); “Necessary and Sufficient Conditions for
Undecidability of the Godel Sentence and its Truth”, (S) 135-152.



é;;‘):uj-’:g e ey
o Bl e o b
ol alate ezl sulale Sl [ AYAR 5 Y 4y

/v

e T T A

Boyer, Julien & Sandu, Gabriel (2012); Between Proof and Truth,
Synthese 187(3):821-832. Erratum: ibid 973-974.

Draghici, Virgil (2012); How Do We Know That G Is True?,
Logos Architekton: J. Logic & Phil. Sci. 1:39-65.

Draghici, Virgil (2013); Is G True By Godel's Theorem?, Logos
Architekton: J. Logic & Phll. Sci. 1:53-59.

Piazza, Mario & Pulcini, Gabriele (2015); “A Deflationary
Account of the Truth of the Gédel Sentence G, (S) pp. 71-90.
Piazza, Mario & Pulcini, Gabriele (2016); “What's So Special
About the Godel Sentence G”, (Springer) pp. 245-263.

Moriconi, Enrico (2018); “Some Remarks on True Undecidable
Sentences”, (Springer) pp. 3—15.



/v

Sl s o8 OMer s
R sl / s Lo doe
Sl glie ezl salale Sl [ \YAR L5 Y iy
(V) b w5 ezl 5
& Boyer, Julien & Sandu, Gabriel (2012); Between Proof and Truth,
Synthese 187(3):821-832. Erratum: ibid 973-974.

B

[
[
B
B



/v

Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
() b i & =l S
& Boyer, Julien & Sandu, Gabriel (2012); Between Proof and Truth,
Synthese 187(3):821-832. Erratum: ibid 973-974.

B Draghici, Virgil (2012); How Do We Know That G Is True?,
Logos Architekton: J. Logic & Phil. Sci. 1:39-65.

[

[
B
B



/v

) B & B & @

Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
() b i & =l S
Boyer, Julien & Sandu, Gabriel (2012); Between Proof and Truth,
Synthese 187(3):821-832. Erratum: ibid 973-974.

Draghici, Virgil (2012); How Do We Know That G Is True?,
Logos Architekton: J. Logic & Phil. Sci. 1:39-65.

Draghici, Virgil (2013); Is G True By Godel s Theorem?, Logos
Architekton: J. Logic & Phil. Sci. 1:53-59.



/v

) B & B & @

Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
() b i & =l S
Boyer, Julien & Sandu, Gabriel (2012); Between Proof and Truth,
Synthese 187(3):821-832. Erratum: ibid 973-974.

Draghici, Virgil (2012); How Do We Know That G Is True?,
Logos Architekton: J. Logic & Phil. Sci. 1:39-65.

Draghici, Virgil (2013); Is G True By Godel s Theorem?, Logos
Architekton: J. Logic & Phil. Sci. 1:53-59.

Piazza, Mario & Pulcini, Gabriele (2015); “A4 Deflationary
Account of the Truth of the Godel Sentence G, (S) pp. 71-90.



/v

) B & B & @

Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
() b i & =l S
Boyer, Julien & Sandu, Gabriel (2012); Between Proof and Truth,
Synthese 187(3):821-832. Erratum: ibid 973-974.

Draghici, Virgil (2012); How Do We Know That G Is True?,
Logos Architekton: J. Logic & Phil. Sci. 1:39-65.

Draghici, Virgil (2013); Is G True By Godel s Theorem?, Logos
Architekton: J. Logic & Phil. Sci. 1:53-59.

Piazza, Mario & Pulcini, Gabriele (2015); “A4 Deflationary
Account of the Truth of the Godel Sentence G, (S) pp. 71-90.

Piazza, Mario & Pulcini, Gabriele (2016); “What'’s So Special
About the Godel Sentence G, (Springer) pp. 245-263.



/v

) B & B & @

Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy
() b i & =l S
Boyer, Julien & Sandu, Gabriel (2012); Between Proof and Truth,
Synthese 187(3):821-832. Erratum: ibid 973-974.

Draghici, Virgil (2012); How Do We Know That G Is True?,
Logos Architekton: J. Logic & Phil. Sci. 1:39-65.

Draghici, Virgil (2013); Is G True By Godel s Theorem?, Logos
Architekton: J. Logic & Phil. Sci. 1:53-59.

Piazza, Mario & Pulcini, Gabriele (2015); “A4 Deflationary
Account of the Truth of the Godel Sentence G, (S) pp. 71-90.

Piazza, Mario & Pulcini, Gabriele (2016); “What'’s So Special
About the Godel Sentence G, (Springer) pp. 245-263.

Moriconi, Enrico (2018); “Some Remarks on True Undecidable
Sentences”, (Springer) pp. 3—15.



Sy o8 Sz 2y
o Bl e o b

ol alate ezl sulale Sl [ AYAR 5 Y 4y

/A

Lajevardi, Kaave & Salehi, Saeed (2019); On the Arithmetical
Truth of Self-Referential Sentences, Theoria: A Swedish
Journal of Philosophy 85(1):8-17.

Lajevardi, Kaave & Salehi, Saeed (2020); How Not to Define the
Gaodel Sentence of a Theory: A Very Short Note, Submitted.
Assadi, Ziba & Salehi, Saeed (2020); On the Truth of Godel
Sentences and Rosser Sentences, Submitted for Publication.
Lajevardi, Kaave & Salehi, Saeed (2020); On a Certain Fallacy
Concerning Self-Referential Sentences, In Preparation.



S s oS Sz s
s Bls ] g s Lo dae

ol alate ezl sulale Sl [ AYAR 5 Y 4y

(gf\‘wﬁ.ﬁ' st 4-.‘) D gud o0 3)\3 \.b))‘

B Lajevardi, Kaave & Salehi, Saeed (2019); On the Arithmetical
Truth of Self-Referential Sentences, Theoria: A Swedish
Journal of Philosophy 85(1):8-17.

B
[

B

/A



Sy 3 o8 e s
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy

(gfk“’ﬁjf st ‘*‘.) D gud o0 -3)\3 \.b..))\

B Lajevardi, Kaave & Salehi, Saeed (2019); On the Arithmetical
Truth of Self-Referential Sentences, Theoria: A Swedish
Journal of Philosophy 85(1):8-17.

[§ Lajevardi, Kaave & Salehi, Saced (2020); How Not to Define the
Godel Sentence of a Theory: A Very Short Note, Submitted.

[
[

/A



/A

Sy 3 o8 e s
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy

(gf\‘wﬁ.ﬁ st 4‘.) D gud o0 3)‘3 \.b.))‘

B Lajevardi, Kaave & Salehi, Saeed (2019); On the Arithmetical
Truth of Self-Referential Sentences, Theoria: A Swedish
Journal of Philosophy 85(1):8-17.

[§ Lajevardi, Kaave & Salehi, Saced (2020); How Not to Define the
Godel Sentence of a Theory: A Very Short Note, Submitted.

[4 Assadi, Ziba & Salehi, Saced (2020); On the Truth of Gédel
Sentences and Rosser Sentences, Submitted for Publication.

B



/A

Sy 3 o8 e s
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy

(gfk“’ﬁjf st ‘*‘.) D gud o0 -3)\3 \.b..))\

Lajevardi, Kaave & Salehi, Saeed (2019); On the Arithmetical
Truth of Self-Referential Sentences, Theoria: A Swedish
Journal of Philosophy 85(1):8-17.

Lajevardi, Kaave & Salehi, Saeed (2020); How Not to Define the
Godel Sentence of a Theory: A Very Short Note, Submitted.

Assadi, Ziba & Salehi, Saeed (2020); On the Truth of Gédel
Sentences and Rosser Sentences, Submitted for Publication.

Lajevardi, Kaave & Salehi, Saeed (2020); On a Certain Fallacy
Concerning Self-Referential Sentences, In Preparation.



/4

Sy 3 o8 e s
s oBuls ] gasp o san

Sl glie ezl salale Sl [ \YAR L5 Y iy
coo Jﬁ'; 4_3 L’;,_)Li

THEORIA

THEORIA, 2019, 85, 8-17
doi:10.1111/theo.12169

On the Arithmetical Truth of Self-Referential Sentences
by
KAAVE LAJEVARDI
La Société des Philosophes Chomeurs
and

SAEED SALEHI
University of Tabriz

Abstract: We take an argument of Godel’s from his ground-breaking 1931 paper, generalize it, and
examine its validity. The argument in question is this: the sentence G says about itself that it is not
provable, and G is indeed not provable; therefore, G is true.

Keywords: Godel’s first incompleteness theorem, the Godel sentence, self-reference, truth,
arithmetic, soundness, o-consistency



/.

Sy s o8 SMam 1
s Bls ] g s Lo dae
ol alate ezl sulale Sl [ AYAR 5 Y 4y

B35 S (45L) 6 0o s

How Not to Define the Godel Sentence of a Theory: A Very Short Note

KAAVE LAJEVARDI
La Société des Philosophes Chémeurs, Téhéran, IRAN.

SAEED SALEHI
Research Institute for Fundamental Sciences, University of Tabriz, IRAN.

Abstract. We argue that, under the usual assumptions for theories subject to Godel’s First
Incompleteness Theorem, one cannot, without impropriety, talk about the Godel sentence of the
theory. for there could be a true sentence and a false one, each of which equivalent to its own
unprovability in the theory.

§1. Introduction. In the course of proving what is now known as the First Incomplete-
ness Theorem (Godel 1931) [Theorem VI, page 173] for any theory T satisfying certain
conditions, Godel constructs a sentence which is, in the eye of 7', equivalent to its own
unprovability—that is to say, a sentence Gr such that

THGr+—Prr("Gr™).

where Prr(x) is the provability predicate of 7', and "A™ denotes the numeral corresponding
to the Godel number of A. We assume that this is all done relative to a fixed Godel
numbering and a fixed X;-arithmetization of 7, thus making Prr(x) a X;-formula.
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Theorem 5 All the Gidelian sentences of a theory T are true if and only if T is sound.

Proof. 1f the thoery T is sound and ¢ is a Godelian sentence of 7', then NF @<+ =Py (T@™).
On the other hand, from 7' ¥ ¢ (Theorem 4) it follows that N £ =Pry("¢™). Thus, N F ¢.

Now, suppose that all the Godelian sentences of the theory T are true. The theory T is
consistent, since otherwise every (false) sentence would be a Godelian sentence of it. We
show that 7" is sound. Suppose that 7' - 6 for a sentence 6; we aim at showing the truth of
6, 1i.e. that N 6. By the Diagonal Lemma there exists a sentence 1 such that

QFN« [0+ —Prr("n7)].

Hence T F 1 <> —Pr7("™n7), and so 1 is a Godelian sentence of 7. Thus N = 1 by the
assumption. As a result (of the soundness of Q) we have NE 6 +» —Pry("n7). On the
other hand, by Theorem 4, we have T ¥ 1 and so N E =Pry("n7). Therefore, NF 6. O

So, if a theory is unsound, then it must have some false Godelian sentences. Below we
show that it must have some true Godelian sentences as well.

Corollary 6 Every unsound theory has at least one true and one false Gadelian sentences.

Proof. If U is inconsistent, then every sentence is a Godelian sentence of U. So, suppose
that the unsound theory U is consistent; there exists a false Godelian sentence for U by
Theorem 5. By the Diagonal Lemma, for some sentence y we have Q F y<»—Pry("y7).
Now, 7is a Godelian sentence of U, and so by Theorem 4 we have N & —=Pry (7y7). Thus
N 7 (by the soundness of Q), and so 7 is a true Godelian sentence of U. [m]

LAYAN
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ON THE TRUTH OF GODEL SENTENCES AND ROSSER SENTENCES

ZIBA ASSADI
Independent Scholar, Tabriz, IRAN.

SAEED SALEHI
Research Institute for Fundamental Sciences, University of Tabriz, IRAN.

Abstract.  There is a Inngﬂtnmdm0 debate in the logico-philosophical community as to why the
Gadel sentences of a con: nt and sufficiently strong theory are true. The prevalent argument seems
to be something like this: since every one of the Godel sentences of such a theory is equivalent to
the theory’s consistency statement, even provably so inside the theory. the truth of those sentences
follows from the consistency of the theory in question. So, Godel sentences of consistent theories
should be true. In this paper, we show that Godel sentences of only sound theories are true; and there
is a long road from consistency to soundness, indeed a hierarchy of conditions which are satisfied by
some and are falsified by others. We also study the truth of Rosser sentences and provide necessary
and sufficient conditions for the truth of Rosser (and also Godel) sentences of arithmetical theories.

Keywords: The Incompleteness Theorem: Godel Sentences, Rosser’s Trick, Rosser Sentences,
Soundness, Consistency, X,-Soundness.
2020 Math Subject Classification: 03F40.

VAN



Y/

Sy 3 o8 e s
s Bls ] g s Lo dae

ol alate ezl sulale Sl [ AYAR 5 Y 4y
Z
uJ.»,S u)’\& g_,\.:.a.b‘ u\.» 29

Proposition 5 (Characterizing Unprovable Sentences) Suppose that Lib’s Rule holds
for the theory T. The following are equivalent for every sentence @:

(1) @ is unprovable inT, i.e., T ¥ ¢@;
(2) @ is a Gadel sentence of some consistent extension U of T;
(3) T+ [@+<>—Prr(#9)] is consistent.

Proof.

(1=2): There exists, by Lemma 1, a sentence & such that 7'+ & > [ <3 =Pr ¢ (#9)].
LetU=T+&: then U I~ ¢ <»—Pry (#¢) and it remains to show that U is consistent. If not,
then T + =&. So, on the one hand we have (i) T I =[@ > =Pry (#¢)], and on the other
hand U + ¢ which implies (ii) 7 F Pry (#¢) by Convention 2. Now, (i) and (ii) imply that
T . contradicting the assumption.

(2=3): If T + [@ <> =Py (#¢)] is not consistent, then 7 F =[¢ > —Pr7 (#¢)], and so
T = Pry(#¢)— ¢, which implies T F ¢ by Lob’s Rule. So, for every extension U of T we
have U |- ¢, and so, by Convention 2, U I Pry (#¢). Therefore, for every such U we have
U t =[¢ <> —Pry (#¢)], which contradicts the assumption.

(3=1): If T F ¢. then, by Convention 2, we have T - Pr7(#¢), and so we should have
also 7'+ =@ <> —Prr(#9)]. O

It should be noted that the assumption of holding Lob’s Rule for 7 was used only in the
implication (2=>3). So, (1) and (2) are equivalent with each other, and are implied by (3),
even when this rule does not hold; cf. Theorem 4 of (Lajevardi & Salehi 2020).
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Lemma 9 (On Extensions of Y-Sound Theories) Ler Y be a class of sentences that is
closed under disjunction. If T is a Y-sound theory, then for every sentence @, either T+ ¢
or T+-¢ is Y-sound.

Proof. 1f neither T+ ¢ nor T-+-¢ is T-sound, then for some false Y-sentences ¢ and ¢’
we have T+@ ¢ and T+-¢ - ¢’. Thus, T - ¢V¢', and gV¢' is a false Y-sentence; a
contradiction with the Y-soundness of 7. m}

Our main results is the following necessary and sufficient condition for the truth of Godel
(IT,4+; and X, ) sentences:

Theorem 10 (The Truth of Godel Sentences) Lern> 1.
All the Gidel 11,1 -sentences of T are true if and only if T is I+ -sound.
All the Gidel X, -sentences of T are true if and only if T is ¥~ | -sound.

Proof. LetY be any of I, or X,1.

First, suppose that 7 is Y-sound, and let y be a Godel Y-sentence of 7. By Lemma 4
and Convention 2 we have N E —Pry(#y), and so Pry(#y) is a false £;-sentence. Now,
T+-yE Prp(#y). and so T+—y is not Z;-sound; whence, it is not Y-sound either. Thus,
by Lemma 9, the theory T + 7 should be Y-sound. Therefore, y must be true.

Now, suppose that all the Godel Y-sentences of 7" are true. We show that the theory 7
is Y-sound. Assume that T |- ¢ for a Y-sentence g. We prove that ¢ is true. By Lemma 1
there exists a Y-sentence { such that Q - <> [cA=Pry(#{)]. Thus, from T - ¢ we have
Tt §«»—Pry(#{), and so { is a Godel Y-sentence of 7. Whence, { is true, and so, by the
soundness of Q. we have N F ¢. m}

AYAN
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Lemma. If tis a T-provable sentence and y is a Godel sentence of 7, then tay is a Godel

sentence of T'as well.
Proof. By the T-provability of T we have T+ (tay) < y. Therefore, by the one the well-
known derivability conditions, T'+ Pr (#[tAy]) < Pr (#y) hence T'+ -Pr(#[tAy]) &

—‘PrT(#y). Since y is a Godel sentence of T, we have
TH(TAY) = Y « ~Prj(#y) < =Pr (#[ty]),

which shows that tay is a Godel sentence of 7.

QED.

/o
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Theorem. All the Godel sentence of T are true if and only if T'is sound.

Proof. Ify is a Gédel sentence of a sound theory T, then T'+y <> ~Pr;(#y) implies that
the biconditional y <> ~Pr (#y) is a true sentence. By the T-unprovability of y (Godel's proof),
the sentence -Pr(#y) is true. Therefore y is true.

On the other hand, if 7'is not sound then there is a false T-provable sentence 1. Lety be
any Godel sentence of T (whose existence is shown by the diagonal lemma). Then Ay is a false

sentence which is, by the Lemma, a Godel sentence of T. Therefore T has a false Godel

sentence.
QED.



Sy s o8 SMam 1
s Bls ] g s Lo dae

Sl glie ezl salale Sl [ \YAR L5 Y iy

b b g Js8 cuslisl kb oy ol

[§ Rosser, J. Barkley (1936); Extensions of Some Theorems of Gédel
and Church, The Journal of Symbolic Logic 1(3):87-91.
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Proposition 17 (Characterizing Independent Sentences) Ler ¢ be a sentence.
The following are equivalent:

(1) @ is independent from T, i.e., T ¥ @ and T ¥ —¢;
(2) @ is a Rosser sentence of some consistent extension U of T;

Theorem 19 (On the Truth of the Rosser I1;, X -Sentences) Every Rosser I1;-sentence
of T is true, and every Rosser Xy-sentence of T is false, if T is consistent.

Theorem 20 (On the Truth of the Rosser IT,.|.X,.-Sentences) Let n> 1 be fixed.
All the Rosser I1,,11-sentences of T are true if and only if T is I1,,+-sound.
All the Rosser X,11-sentences of T are true if and only if T is X, 1-sound.

/A
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Soundness = Truth of all the Godel and Rosser Sentences

X, +1-Soundness = I, »-Soundness = Truth of Godel & Rosser X, | & IT,+> Sentences

X,—Soundnes

IT3-Soundness = Truth of Gédel & Rosser X, & IT3 Sentences

X;—Soundness = IT)-Soundness = Truth of Godel & Rosser IT, Sentences
Consistency of 7'+ Cony = Truth of Godel Iy Sentences
Consistency = ITj—Soundness = Truth of Rosser Il; Sentences
Consistency = ITj—Soundness = Falsity of Godel & Rosser | Sentences
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